We present an efficient and accurate characteristic method for the solution of the unsteady-state advection-diffusion transport equations, which arise in the mathematical models for flow and transport processes in porous media. The advantages of this method include symmetrizing the governing transport equation, treating boundary conditions naturally in the formulation, and conserving mass. Moreover, because of the Lagrangian nature of the algorithm used, the method generates accurate numerical solutions even when large time steps and coarse spatial grids are used in the simulation. Numerical experiments are presented to illustrate the performance of the method.
INTRODUCTION
Transport phenomena in which advective as well as diffusive effects are present occur frequently in nature. For example, the transport of contaminants in the subsurface porous media, or the displacement of oil by an injected fluid in enhanced oil recovery have such behavior. The mathematical models for describing such processes often lead to transient partial differential equations of advectiondiffusion type which are known to present serious numerical difficulties, especially when advective effects dominate the physical process. Standard centered-difference methods and Galerkin finite element methods provide solutions that exhibit inappropriate oscillatory behavior due to dispersion of high-frequency errors. Classical finite difference methods and Petrov-Galerkin finite element methods usually eliminate these oscillations, however their solutions exhibit strong numerical dissipation which has the effect of smearing out these solutions especially in regions of sharp gradients or discontinuities of the true solutions.
A number of methods have been developed to overcome the difficulties mentioned. They can be classified, based on the manner in which the advective and diffusive terms are treated, into the classes of Eulerian or characteristic methods. Eulerian methods use fixed spatial grids and incorporate some form of upstream weighting or other dissipation techniques in their formulations. Characteristic methods, on the other hand, take advantage of the hyperbolic nature of the advection-diffusion equations by utilizing a characteristic tracking to treat the advective component of the governing equation. These methods symmetrize the governing equations and significantly reduce the temporal truncation errors, and thus allow for large time steps to be used in the numerical simulations without loss of accuracy, and lead to a greatly improved efficiency. However, most characteristic methods have difficulties in treating flux boundary conditions when a characteristic is tracked to the boundary of the domain, and fail to conserve mass.
In this article we present an Eulerian-lagrangian method for single phase compositional flow through porous media. The method produces accurate numerical solutions in an efficient manner, as illustrated in the range of numerical experiments presented in section 4.
MATHEMATICAL MODEL
We consider a multicomponent (labeled as i = 1, . . . , n c ) compositional flow and transport process which is fully miscible and flows in a phase fluid phase under an isothermal condition in a three-dimensional reservoir system with multiple injection and production wells. The corresponding mathematical model is given by [1, 4] 
Here p is the pressure of the fluid mixture, µ is its viscosity, ρ is the molar density, u = u 1 , u 2 , u 3 T is the Darcy velocity, φ is the porosity of the porous medium, g is the gravity vector, K is the permeability of the medium, q is the volumetric flow rate per unit bulk volume injected into or produced from wells, and c i (i = 1, ..n c ) are the mole fractions of the n c components. In Eq. (1),ρ is the mass density of the fluid, which is related to molar mass density ρ byρ = ( nc i=1 M W i c i )ρ with M W i being molecular weight of component i for i = 1, 2, . . . , n c .c i are specified at injection wells andc i = c i at production wells. D is the diffusion-dispersion tensor which is of the form
where E = uu T /|u| 2 and I is the 3×3 identity matrix. The parameters in this equation are d m which represents the Copyright c 200x Inderscience Enterprises Ltd. molecular diffusion coefficient and d l and d t which represent the longitudinal and transverse dispersion coefficients.
The real gas law is often used to describe the relationship between density ρ, pressure p and temperature T of the fluid mixture ρ = p ZRT .
Here Z = Z(c 1 , . . . , c nc , p, T ) is the compressibility factor of the fluid mixture; it measures deviation of the fluid from ideality. R is the universal gas constant. Z is computed from Peng-Robinson equation [6] 
The coefficients A = ap/(R 2 T 2 ) and B = bp/(RT ), where a and b are calculated from the fluid composition c i , the binary interaction coefficients κ ij between components i and j, and the attraction and repulsion parameters a i and b i of component i that are expressed in terms of critical pressure P i and critical temperature T i for i = 1, . . . , n c [6] . After obtaining the compressibility factor Z and the density ρ, we calculate the viscosity µ = µ(c 1 , c 2 , . . . , c nc , p, T ) of the fluid by the Lohrenz-Bray-Clark correlation [5] . We point out that these constitutive relations need to be solved cell by cell at each iterative step of each time step.
Finally, different boundary conditions may be imposed to close problem (1) in different applications. For instance, in petroleum reservoir simulation the boundary ∂Ω is often impermeable, which is characterized by u · n = 0, and a noflow boundary condition
is imposed, where n is the unit outward normal to the boundary ∂Ω. For simplicity of exposition, we assume a noflow boundary condition throughout this paper.
AN EULERIAN-LAGRANGIAN METHOD
Let 0 = t 0 < t 1 < · · · < t N = t f be a partition of the time interval [0, t f ] with ∆t n = t n − t n−1 . Assume that a quasiuniform spatial partition has been imposed on the domain Ω. We develop a time-marching iterative sequential solution technique for the numerical solution of the singlephase compositional flow and transport problem (1)- (2).
In the solution procedure we use an Eulerian-Lagrangian method to solve the transport equations in (1) for the mole fractions c i of the fluid mixture implicitly. We use a mixed finite element method to solve the coupled system that consists of the flow equation and Darcy's law in (1) for the pressure p and the Darcy velocity u. We adopt a sequential solution technique to solve the flow equation and the transport equations iteratively at each time step. Due to page limitation, in this section we only present an Eulerian Lagrangian method for the transport equations in (1), under the assumption that the pressure p and the Darcy velocity u are already known.
Numerical Scheme
The numerical scheme developed is based on an implicit time marching algorithm. Hence, we only need to focus on the current time interval (t n−1 , t n ]. By multiplying each transport equation (1) by a piecewise-smooth test function w that vanishes outside Ω × (t n−1 , t n ], we obtain a weak formulations for the transport equations in (1)
where w(x, t + n−1 ) = lim t→tn−1,t>tn−1 w(x, t) which takes into account the fact that w may be discontinuous in time at time t n−1 .
To reflect the Lagrangian nature of the transport equations in (1), the test functions w(x, t) in equation (3) are selected to satisfy the adjoint equation of the hyperbolic part of the transport equations [3] 
In other words, the test functions should be constant along the characteristics (see Figure ( 1) for a sample test function in one space dimension), which are defined as solutions to initial value problems for the ordinary differential equation
The numerical scheme is derived by evaluating the spacetime integrals in Eq. (3) along the characteristics. Special attention needs to be given to two integrals in this weak form: the second (source and sink) term on the right-hand side of the equation and the second (diffusion-dispersion) term on the left-hand side. These integrals, in a similar way to all other terms, are changed to the characteristic variables, and then a backward Euler quadrature along the characteristics is applied. By this treatment, the source term can be approximated as
while the diffusion-dispersion term is approximated by
Incorporating these approximation in the reference equation (3) results in the numerical scheme
Characteristic Tracking
The numerical scheme generates a symmetric and positivedefinite coefficient matrix and stabilizes the numerical approximation. All the terms but the first one on the right side are defined on the fixed underlying spatial mesh. A characteristic tracking of (5) is carried out only in the evaluation of the test function w(x, t + n−1 ). This would evolve the mass in the capacity term forward from time step t n−1 to time step t n along the characteristics, as any particle or streamline method would do. Nevertheless, because the characteristic tracking is used only to evaluate the right side of the scheme, it has no effect on the solution grids or the data structure of the scheme. Both flow and mass transport equations are solved on the fixed mesh. Thus, no grid distortion or artificial mapping is needed. The tracking is carried out locally from cell to cell and from time step to time step. This feature naturally avoids the formation of clusters of points or missing cells. It can be shown that the underlying scheme conserves mass in a systematic manner [3, 8] .
Note that a characteristic tracking requires solving problem (5). A closed-form analytical solution is impossible for a general velocity field. Thus, numerical means have to be used in practice. A variety of numerical ODE solvers can be used in the context of a linear transport equation, one option is the second order Runge-Kutta method [8] x = x + ∆t n 2 u φ x, t n−1 +u φ x + ∆t n u φ (x, t n−1 ), t n−1 .
In the context of porous medium flow and transport, the velocity field u is given as a Raviart-Thomas solution to the flow equation in (1), which is only piecewise (cell-bycell) smooth. Therefore, a numerical method of the form (7) could generate an inaccurate characteristic tracking, which in turn affects the accuracy of the solutions of the numerical scheme (6) . In practice, within each cell the porosity φ(x) is constant and the velocity u is linear in the corresponding coordinate direction and and constant in other coordinate directions. Therefore, we can solve problem (5) analytically to track the characteristics on a cell-by-cell basis [7] . This minimizes the effect of well singularities on the characteristic tracking. Finally, since the numerical Darcy velocity u satisfies the noflow boundary condition, the characteristic tracking never runs out of the domain Ω, and so avoids this difficulty. defined as a hat function at time t n and extends to be constant along the approximate characteristics assuming a constant velocity field
NUMERICAL EXPERIMENTS
We present numerical experiments to investigate the performance of the Eulerian-Lagrangian method developed in this paper.
Diffusion in a Shear Flow
In this example run we consider the transport of a passive tracer component in a two-dimensonal spatial domain of 
In the model problem we work with a finite initial condition at t = 0.2 using the value M = 0.002 and x 0 = 0.0, and we simulate over the time interval [0.2, 1.2]. This problem provides an example for a homogeneous two-dimensional advection-diffusion equation with a variable velocity field and a known analytical solution. These types of problems often arise in many porous medium flow and transport processes. This example has been used widely to test for numerical artifacts of different schemes, such as numerical stability and numerical diffusion, spurious oscillations, and phase errors.
As a representative model run, we simulate the problem with a discretization of ∆x = ∆y = 1/100 and ∆t = 1/10 and present the solution generated by the Eulerian Lagrangian method (ELM) and the exact solution in Figure (2) . It is evident that the ELM scheme developed very accurately captures the profile of the exact solution even in the regions with sharp gradients and produces a solution that matches the analytical solution. The L 2 and L 1 norms of the absolute error generated for this run and some additional representative runs are presented in Table (1). The  table also provides the CPU time used in the simulation, as a measure of the efficiency of the method.
In order to gain a better understanding of the performance of the Eulerian-Lagrangian method, we present in this test problem a comparison with two other wellperceived and widely used methods, the Upwind Finite Difference method with both explicit and implicit formulations (UFD-E & UFD-I), and the Flux-Corrected Transport method (FCT). In the comparison, we consider starting with a grid of size ∆x = ∆y = 1/100 which was used for the ELM solution and a time step that is required by the CFL restriction that both these methods are subject to. Figure (3a-b) contains the solutions generated by the two upwind methods using a grid of size ∆t = 1/200 and ∆t = 1/400 while Table (1) contains the summary of some representative runs. These results clearly show that both methods present solutions which suffer from numerical diffusion which smears out sharp fronts of the solution. While refinement in space and time provides solutions with slightly improved accuracy, these solutions still fall short of those obtained by the ELM and have larger computational cost. Table ( 
Single-phase compositional flow and transport in a three-dimensional reservoir
In this example run, we simulate a single-phase compositional flow and transport process of a multicomponent hyrdocarbon mixture through a three-dimensional homogeneous reservoir system with an impermeable boundary. The components in the mixture are the light component methane (CH 4 ; with molecular weight (MW) in lb/lgmole of 16), the medium component of propane (C 3 H 8 ; with MW of 44), and the heavier component n-Hexane (C 6 H 14 with MW of 86). The reservoir system considered in the numerical simulation is (0, 1000) 2 ×(0, 24) ft 3 and the simulation is carried out for a time period of 14 years. The space-time domain is discretized using uniform time steps of ∆x = ∆y = 40 ft and ∆z = 4 ft, and the time step used in the simulation is a relatively large step of ∆t = 1 year. The choice of these relatively coarse grids is to illustrate the performance of the method in more realistic real life simulation settings which usually plague numerical simulations with serious numerical artifacts. The system has an injection well which is located at the center of the corner block at x = 980 ft, y = 980 ft, and 0 ≤ z ≤ 24 ft which injects at a volumetric flow rate of 720 ft 3 /day and a production well located at x = 20 ft, y = 20 ft, and 0 ≤ z ≤ 24 ft which produces at the same flow rate. These volumetric flow rates are used to provide the simulator with the volumetric flow rate per unit bulk volume q found in the model equation (1) . The porosity is φ = 0.1 and the permeability is 50 md. The coefficients in the diffusion-dispersion tensor are the molecular diffusion coefficients of φd m = 0.0 ft 2 /day, and the mechanical dispersion coefficients of φd l = 0.5 ft and φd t = 0.05 ft, while the permeability field is 50 md.
Method ∆x
In the numerical simulation, we consider two different settings, one models a flow and transport in vapor phase while the other simulates flow and transport in liquid phase. In the first setting, the reservoir is assumed to have a temperature of 400K and an initial pressure of p = 2000 psi. The fluid mixture initially residing in the reservoir is composed of 75% methane, 15% propane, and 10% nhexane, while the injected fluid mixture is composed of 85% methane, 10% propane, and 5% n-hexane. Thermodynamic flash calculations reveal that the fluid mixture flows in vapor phase. Figure (4 ) presents slice plots of the solution generated by the Eulerian-Lagrangian method for this model problem at the time steps t = 4 and 14 from the start of simulation. These plots show that the method generates very accurate results for this model problem which are free of numerical artifacts that many numerical methods suffer from, especially with such coarse grids and large time steps.
In the second simulation, the reservoir is assumed to have a temperature of 350 K and the initial pressure is p = 2300 psi. The resident fluid mixture consists of 10% methane, 20% propane, and 70% n-hexane, while the injected fluid mixture at the injection well has the composition 55% methane, 14% propane, and 31% n-hexane. Thermodynamic flash calculations reveal that the fluid mixture flows in liquid phase. Figure (5) contains slice plots of the solution generated by the Eulerian-Lagrangian method for this model problem at the time steps t = 4 and 14 from the start of simulation. These plots show similar accuracy in presenting the profile of the solution as in the previous case. The effect of gravity which is due to the fact the the fluid mixture is heavier in this case is very accurately depicted in the solution. Figure 5 : Volume slice plots on the planes x = 1000, y = 1000, z = 0, and z = 12 at times t = 4 years (left plots) and t = 14 years (right plots) generated for the compositional flow and transport of methane CH 4 , propane C 3 H 8 , and n-hexane C 6 H 14 (from top to bottom) in liquid phase in a homogeneous medium.
